We study open string amplitudes with the D3-branes in type IIB superstring theory compactified on C 2 /Z 2 . We introduce constant graviphoton background along the branes and calculate disk amplitudes using the NSR formalism. We take the zero slope limit and investigate the effective Lagrangian on the D3-branes deformed by the graviphoton background. We find that the deformed Lagrangian agrees with that of N = 2 supersymmetric U (N ) gauge theory defined in non(anti)commutative N = 1 superspace by choosing appropriate graviphoton background. It is also shown that abelian gauge theory defined in N = 2 harmonic superspace with specific nonsinglet deformation is consistent with the deformed theory.
Introduction
It is known that the graviphoton effects play an important role for studying non-perturbative properties in superstring theory and supersymmetric gauge theory. The low energy dynamics of D-branes in the superstrings compactified on the Calabi-Yau manifold with the constant graviphoton background is shown to become supersymmetric gauge theories on non(anti)commutative superspace [1, 2, 3] . It is shown that the effective theory becomes supersymmetric Yang-Mills theory on N = 1/2 superspace, which was constructed by Seiberg [4] . This theory is defined in N = 1 Euclidean superspace by introducing nonanticommutativity for supercoordinates θ α satisfying the Clifford algebra {θ α , θ β } = C αβ [5, 6] . This theory is also considered as the low energy effective theory on the D3-branes of type IIB superstring theory compactified on R 6 /Z 2 × Z 2 with constant graviphoton background [7] .
Non(anti)commutative N = 1/2 superspace can be generalized to extended superspace. Non(anti)commutative harmonic superspace [8] provides particularly an efficient tool for investigating the deformed Lagrangian and their symmetries at the off-shell level.
The N = 2 supersymmetric gauge theory on the non(anti)commutative harmonic superspace has been studied in [9, 10, 11, 12, 13] , where one can introduce various types of deformation parameters by {θ iα , θ jβ } = C αβij . Here θ iα is the supercoordinate labeled by SU(2) R R-symmetry index i = 1, 2.
The purpose of the present paper is to study the graviphoton effects in N = 2 supersymmetric gauge theory, which can be obtained as the low-energy effective theory of the D3-brane in type IIB superstring theory. We will consider the (fractional) D3-branes in type IIB superstring theory compactified on the orbifold C 2 /Z 2 [14] . We introduce constant graviphoton backgrounds along the branes and calculate disk amplitudes which remain nonzero in the zero slope limit. Here we will use the NSR formalism to introduce the graviphoton vertex operator in the closed string R-R sector. We construct the effective Lagrangian deformed by the graviphoton background. The constant graviphoton field strength F αβij characterizes the deformation structure of the N = 2 supersymmetric gauge theory on the branes.
There arise some non-trivial problems to compare two parameters F αβij and C αβij .
One is the choice of the scaling limit (2πα ′ ) n F = C = fixed for some n in the zero slope limit α ′ → 0. Here we take F such that it has mass dimension two. In this work we will fix n = 3/2 such that C becomes deformation parameters of non(anti)commutative superspace. Another point is the tensor structure of the graviphoton background. In the case of superstrings, spinor indices α, β and R-symmetry indices i, j are independent. But in the harmonic superspace formalism the deformation parameter C In this paper, we will study the F (αβ)(ij) type deformation in detail. We will show that in the graviphoton background of type F (αβ)(ij) , the deformed Lagrangian includes that of N = 2 supersymmetric U(N) gauge theory defined in N = 1/2 superspace [15] . For the singlet type deformation C ij αβ = C s ǫ ij ǫ αβ [9] , it is pointed that the deformed theory can be obtained from the constant R-R scalar background [8] . Recently, Billó et. al. [14] studied the low-energy effective action in particular type constant graviphoton background and pointed its relation to the Ω-background which has been applied to obtain the exact prepotential formula [16] . They use the deformation of type F (αβ) [ij] and different scaling (2πα
This paper is organized as follows: In section 2, we review type IIB superstrings on C 2 /Z 2 using NSR formalism and construct N = 2 supersymmetric U(N) gauge theory in terms of the fractional D3-branes located at the singular point in the orbifold C 2 /Z 2 .
We introduce auxiliary field vertex operators to simplify calculations of disk amplitudes.
In section 3, we calculate the disk amplitudes with insertion of one graviphoton vertex operator. We focus on the F (αβ)(ij) type background. In the case that only F (αβ) (11) is non-zero, the deformed Lagrangian is shown to precisely agrees with the one that is constructed in N = 1 non(anti)commutative superspace. We also show that by restricting to the abelian case, the deformed Lagrangian corresponds to the one which is defined in the non-singletly deformed harmonic superspace {θ iα , θ jβ } = C αβ b ij with b ij b ij = 0. In section 4, we present our conclusions and discuss the possibility of new type of deformed N = 2 gauge theory, that is obtained from the open superstring amplitudes. In appendix A, we summarize possible one graviphoton disk amplitudes which remain nonzero in the zero slope limit. In appendix B, we present some details for the effective rules in computing disk amplitudes including spin operators.
2 Type IIB superstrings on C 2 /Z 2 and D3-branes
In this section we review the construction of the N = 2 supersymmetric gauge theory with gauge group U(N) by a stack of fractional D3-branes in type IIB superstring theory compactified on C 2 /Z 2 . We will use the NSR formalism.
Type IIB on C
We begin with reviewing type II superstring theory in ten dimensions. Let X m (z,z),
) be free bosons and fermions with worldsheet coordinates (z,z). Here we will take the Euclidean signature and their operator product expansions
Fermionic ghost system (b, c) with conformal weight (2, −1) and bosonic ghost system (β, γ) with weight (3/2, −1/2) are also introduced. The worldsheet fermions ψ m (z) are bosonized in terms of free bosons φ a (z) (a = 1, · · · , 5) by
Here φ a (z) satisfy the OPE φ a (z)φ b (w) ∼ δ ab ln(z − w) and the vectors e a are orthonormal basis in the SO(10) weight lattice space and c e a is a cocycle factor [17] . The bosonic ghost is also bosonized [18] : β = ∂ξe −φ , γ = e φ η with OPE φ(z)φ(w) ∼ − ln(z − w). We will omit normal ordering symbol : : sometimes. In order to describe the R-sector, we need to introduce spin fields S λ (z) = e λφ (z)c λ , where φ = φ a e a and λ = 1 2
(±e 1 ± e 2 ± e 3 ± e 4 ± e 5 ).
λ belongs to the spinor representation of SO (10) . c λ is a cocycle factor. In type IIB theory, after the GSO projection, we have spinor fields which have odd number of minus signs in λ, for both left and right movers.
We compactify the theory on C × C 2 /Z 2 with internal coordinates (x 5 , · · · , x 10 ) and put the D3-branes with world volume in (x 1 , x 2 , x 3 , x 4 ) directions. We introduce complex string coordinates and worldsheet fermions:
The Z 2 action g acts on string coordinates as (Z,
states, g acts as +π rotation on the 7 − 8 and −π rotation on the 9 − 10 plane. Namely for a spin state |λ 3 , λ 4 , λ 5 , g acts as 1 ⊗ iσ 3 ⊗ (−iσ 3 ), which breaks the SO(6) spin symmetry into SO(2) × SU(2). Z 2 invariant states are made of
Ten-dimensional spinor field S λ can be decomposed into SO(4) × SO(2) × SU(2) under the orbifold projection:
where S α and Sα (α,α = 1, 2) spinors are four-dimensional spinors with weights ± (e 1 − e 2 ), respectively. We will follow the conventions of [19] . The upper and lower four-dimensional spinor indices are related by the anti-symmetric tensor ε αβ . Similarly to the four-dimensional spinors, the internal spin indices i are raised and lowered by ε ij .
When N D3-branes are located at the orbifold fixed point, the massless states describe N = 2 supersymmetric U(N) gauge theory. The N = 2 vector multiplet consists of gauge bosons A µ , two gauginos Λ αi (i = 1, 2) and complex scalars ϕ, which belong to the adjoint representation of the gauge group.
We denote the vertex operator for a massless field X in the q-picture by V (q)
X . For bosonic fields in the N = 2 vector multiplet, they are given by
where p µ is the four-momentum. For calculations of scattering amplitudes, we need vertex operators in 0-picture. These are given by
For fermionic fields, they are constructed by using the spin fields:
The prefactor of the vertex operators ensures that all the polarization has canonical dimension. Following [7] , the Fourier transformation is taken with respect to the dimensionless momentum k ≡ √ 2πα ′ p so that the momentum polarization A µ (p) has the same dimension of A µ (x).
The graviphoton vertex operator belongs to the R-R sector and is expressed as
We normalized F αβij such that it has canonical mass dimension +2.
Disk amplitudes
We now consider a disk amplitude such that open strings end on the D3-branes. The disk is realized as the upper half-plane whose boundary is real axis. The vertex operators for massless vector multiplets are inserted on the real axis and the graviphoton operators are in the upper-half plane. We apply the doubling trick where right-moving fields are located on the lower-half plane with the boundary condition:
The disk amplitudes can be calculated by replacingS αS
Here C D 2 denotes the disk normalization factor, which is given by [20] 
where g YM is the gauge coupling constant and k is a normalization of U(N) generators
dV CKG is an SL(2, R)-invariant volume factor to fix three positions x 1 , x 2 and x 3 among y i , z j ,andz j 's:
Note that in the disk amplitudes (9) the sum of the φ-charge in the bosonic ghost must be −2.
We need some correlation functions of ten-dimensional spin operators including bosonized ghosts such as e
φ S λ (z), bosonized fermions f ±e i (z) and Lorentz generators :
Lorentz generators can be eliminated from the correlation functions by using the Ward identities (see Appendix B). The correlation functions are reduced to the ones of bosonized vertex operators of the form eλ
The cocycle factor is given by cλ = exp(πiλM[∂φ] 0 ), where [∂φ] 0 denotes the zero mode of ∂φ and the 6 × 6 matrix M [17] is given by
Then the correlation functions are calculated as
When we decompose the spin operators as
in (3), we can obtain the "effective" rules for space-time and internal parts [21] . These rules are summarized in Appendix B.
N = 2 gauge theory and the auxiliary field method
The action of N = 2 supersymmetric Yang-Mills theory is given by
where
andF µν is the dual of The auxiliary field method [7] (see also [21, 22] ) is found to give an effective tool to simplify calculations because four-point amplitudes can be reduced to an three-point amplitudes which include an auxiliary field vertex operator. In [7] , this method was applied to obtain non(anti)commutative N = 1/2 super Yang-Mills theory from the D3-brane in type IIB superstrings compactified on C 3 /Z 2 × Z 2 . In this paper we generalize this method to the case of the N = 2 gauge theory.
In [7] , it was shown that the quartic interactions of gauge fields can be written into the cubic type interactions by introducing the auxiliary self-dual tensor H µν , which is also expressed in terms of 't Hooft eta symbol such as
In the N = 2 case, the action (14) contains other quartic interactions which include scalar fields and gauge fields. We therefore introduce new auxiliary fields H Aϕ µ , H Aφ µ and H ϕφ .
The Lagrangian is shown to be equal to
The auxiliary fields have relevant vertex operators in superstring theory. In [7] , it is shown that the auxiliary fields H µν is associated to the vertex operator
in the 0-picture. In the N = 2 case this vertex operator can be generalized to other auxiliary fields such as
We now explain that all the interaction terms in the N = 2 Lagrangian (17) can be derived from the disk amplitudes with vertex operators on the boundary. For example, (17) is derived from the disk amplitude
Here we have separated the correlator into the four-dimensional, internal and ghost parts.
The ghost part can be evaluated by the Wick formula. The other parts are calculated by the effective rules in Appendix B. The X µ correlator is given by
Since we consider only the massless states, we have p i · p j = 0 for i, j = 1 · · · 3 and the contribution from the X correlator becomes trivial. Taking all together, the amplitude is
We note that the appropriate α ′ scaling appeared. After adding the other inequivalent color ordered amplitudes to the above one and taking the symmetric factor into account, we find the interaction term corresponding to the amplitude is
which is precisely the desired interaction in (17) . The other interaction can be calculated by the same way and the results are
Adding other inequivalent color ordered amplitudes and the phase shift of Λ, we find that all the cubic interactions in (17) are reproduced from these disk amplitudes.
Disk amplitudes in the constant graviphoton background
In this section, we will calculate the correction to the disk amplitudes due to the insertion of one graviphoton vertex operator.
The zero slope limit
We now examine the effect of the graviphoton vertex operator inserted in the disk. We will take the zero slope (field theory) limit α ′ → 0 at the final stage of the amplitudes calculation. The R-R graviphoton vertex operator in the disk amplitudes is written as
where we identify the left-and right-moving part.
We need to fix the scaling of the constant graviphoton background. In general we can take the limit such that
is fixed for some n. For n = 3/2, the parameter C αβij has mass dimensions −1, which has the same dimension as the deformation parameters in the non(anti)commutative field theory.
We firstly explore which type of disk amplitudes remain nonzero in the zero slope limit. Let n X be the number of vertex operators for a massless field X. Assuming that we can assign the appropriate picture number for each vertex operators, the amplitudes of the form V
Here −2 comes from the normalization of the disk amplitudes. For M ≤ 0, the amplitudes remains nonzero in the zero-slope limit. Using the φ 3 charge conservation we get
Using (32) and (33), the condition M ≤ 0 becomes
We then can classify which type of amplitudes remain non-zero in the zero-slope limit.
This analysis can be generalized to the amplitudes including auxiliary field vertex op-
with the φ 3 -charge conservation
We now consider the case n = 3/2. In this case, the condition (35) becomes
Without auxiliary fields, we find that 17 types amplitudes remain non-zero. For example, A 4φn F F n F type amplitudes remain non-vanishing in the zero slope limit for n F ≥ 0. This infinite series type correction arises also in the case of non(anti)commutative harmonic superspace [8, 12] . Indeed, this systematic analysis of α ′ scaling is only a sufficient condition for the non-vanishing amplitudes in the field theory limit. In the string theory there is no guarantee that the amplitude is non-vanishing even though it has an appropriate α ′ scaling.
In this work we will consider the lowest order correction to the amplitude by one constant graviphoton vertex operator.
Disk amplitudes in the zero slope limit with fixed (2πα
We will examine possible structure of string amplitudes in the scaling limit with fixed
But it is necessary to see the explicit from of the correlator before the zeroslope limit is taken.
Focusing on the φ 3 charge, the graviphoton vertex operator contains two internal spin fields S (−) . To cancel this φ 3 charge, one should insert oneφ vertex or two Λ vertex operators. Thus the non-zero disk amplitudes that include one graviphoton vertex operators should be of the form
where remaining part is φ 3 neutral. Possible insertions are of the form
Thus, the non-zero disk amplitudes for the one graviphoton vertex insertion have the structure of (38) with the insertion of the vertex operators in (39).
As mentioned in [23] , when we have non-zero amplitude with a 0-picture vertex operator V
X corresponding to the fields X = (A µ , ϕ,φ) (which produces the derivative ∂ µ X), the amplitude in which V 
We do not need to calculate the interaction [A µ , A ν ]
2 which can be generated after the integration of the auxiliary field H µν in the Lagrangian, at the string level. Such interactions must be carefully extracted from those presented in the previous subsection.
We summarize all the possible vertex insertions that survives in the zero-slope limit in appendix A. Any other amplitudes containing one graviphoton and open string vertex operators vanish in the zero-slope limit or are not consistent with the auxiliary field Lagrangian.
Graviphoton effect
Before calculating the corrections explicitly, we will examine the tensor structure of F αβij .
Since the space-time spinor indices α and the R-symmetry indices i are independent, we can classify the deformations as follows:
and F (αβ)(ij) . We call these as (S,S), (S,A), (A,S), (A,A) type respectively. The general background contains all of these types simultaneously. It may be better to investigate each type of deformation separately. In the following, we consider only the (S,S) type of the graviphoton background
. As we will see, this type of background corresponds to the graviphoton field strength that induces non(anti)commutative N = 1 superspace {θ α , θ β } = C αβ and the non-singletly deformed N = 2 harmonic superspace {θ iα , θ jβ } = C αβ b ij . The vertex operator for the graviphoton field strength contains two internal spin fields S i , S j . These internal spin fields, when inserted on the disk without any other internal spin fields, generates anti-symmetric tensor ε ij through the correlator S i (z)S j (w) ∼ ε ij . When this anti-symmetric tensor is contracted with the graviphoton field strength F (αβ)(ij) , it gives vanishing amplitude. So, to obtain the non-vanishing amplitudes, at least one fermion vertex operator should be inserted in addition to the one graviphoton vertex operator.
The cancellation condition of the φ 3 -charge implies that the smallest number of fermion insertion is actually two. Let us examine all the possible amplitudes including two fermion vertex operators below.
•
The first example of the amplitudes is V Λ V Λ VφV F . We should assign the picture number to each vertex operators adequately and evaluate the correlators. The amplitude is
Here the symbol "(S,S)" means that we extract only the non-zero part from the correlator when it is contracted with the (S,S) type of the graviphoton field strength F (αβ)(ij) . After using the effective rules and also the massless condition, we see
Here, the overall phase which comes from the cocycle factor and spin fields [17] is explicitly written. The SL(2, R) invariance is used to fix the positions to y 1 → ∞, z → i,z → −i [7] . I is the world sheet integral and is evaluated as
After all, the resulting amplitude is
where we have defined
. By adding another color ordered contribution, we find that the amplitude is reproduced by the following interaction:
This result contains derivative of the adjoint scalar which originates from the zeroghost picture vertex operator V (0)
ϕ . As we noticed before, the auxiliary field amplitude V Λ V Λ V H Aφ V F also contributes. In a similar way, the auxiliary field contribution is evaluated to be
After adding other inequivalent color order and multiplying the symmetric factor, we find the sum of the above two interactions is written as
The next possible amplitude that can survive is V V A V Λ V Λ V F , which is given by
Here we have introduced the Lorentz generators σ µν = 1 4
(σ µσν − σ νσ µ ). The world sheet integral I is given in (42). After all, this amplitude is evaluated as
The auxiliary field insertion V H V Λ V Λ V F also contributes. The calculation of this amplitude is essentially the same as (47). The result is
By adding another color ordered amplitude and making the phase shift of Λ, we obtain the graviphoton induced Lagrangian
Here we have defined
The amplitude of the form VφV Λ V Λ VφV F is also the candidate for the non-vanishing amplitude:
The ∂Z∂Z part and the cross terms does not contribute to the amplitude because the φ 3 -charge can not be canceled. The non-zero contribution comes from the p 1 · ψΨ p 2 · ψΨ part only. The correlator is reduced to the form
However this is higher α ′ order contribution so that it does not survive in the zero-slope limit in our scaling.
The amplitude is
The effective rule for the four-dimensional spin field correlator is
which gives vanishing contribution when contracted with the (S,S) type of graviphoton.
In this case, there is a factor ε αβ coming from the spin field correlator S α (z)S β (z) . Thus when it is contracted with the (S,S) type of the graviphoton, this part gives vanishing result.
Altogether, the interaction term L (S,S) in the Lagrangian induced by the (S,S) type of the graviphoton field strength at the lowest order is
After integrating out the auxiliary fields, we find effective interaction terms are written as
. (57) If we consider the case that only the part C αβ ≡ C αβ11 is non-zero then we find the deformed Lagrangian
precisely coincides with the one constructed in the N = 1/2 superspace with the Moyal
Here, we have definedφ =Ā,
Actually, this (S,S) type of the R-R background F (αβ) (11) corresponds to the graviphoton vertex operator which induces the non-anticommutativity in the N = 1 superspace [7] ,
It is worth to mention that deformation to the super Yang-Mills action in the background (60) terminates at the quadratic order in F though it is not the case for the general graviphoton background. The F 2 term appeared in the (58) is the only possible one.
We thus conclude that the N = 2 super Yang-Mills theory defined on the N = 1/2 superspace {θ α , θ β } = C αβ is the effective theory of the D3-branes in the background graviphoton field of the type (60). The effective Lagrangian preserves only a part of the original supersymmetry but the canonical gauge invariance is intact [15] . Note that the background corresponding to the Lagrangian (58) is self-dual and does not receive the gravitational back-reaction.
The general type of the graviphoton background F (αβ)(ij) seems to correspond to the non-singlet deformation {θ iα , θ jβ } = C αβ b ij of N = 2 harmonic superspace. In fact, decomposing the scaled graviphoton field strength C (αβ)(ij) into the the form C αβ b ij and [24] . In fact, for b ij satisfying b ij b ij = 0, the exact deformed N = 2 abelian gauge theory was obtained in [11] , which is of the form
Here, compared with the Lagrangian in [15] , we have rescaled
If we identify
, the non-singlet deformed Lagrangian (61) exactly agrees with the (S,S) type deformed theory (58). For the non-singlet case with b ij b ij = 0, we can show that the deformed Lagrangian (58) agrees with that of [11] at the first order in bc.
Conclusions and Discussion
In this paper, we have written down the low-energy effective Lagrangian of N = 2 su- These types of background would give new types of deformation of N = 2 theory. In [14] , the (S,A) type of the graviphoton F (αβ) [ij] has been discussed. They considered the scaling (2πα ′ ) 1 2 F = fix, which is different from ours. In this scaling, the non-zero contribution comes from only two amplitudes
Thus the effective Lagrangian after integrating out the auxiliary field is shown to be
where the induced interaction L ′ is simply given by
We can also study the (A, A) type deformation, which is expected to correspond to the singlet deformation of N = 2 harmonic superspace [10] . But it is easily found that this theory includes divergence such as 1 (2πα ′ ) 2 trφC in the zero-slope limit. Therefore it is necessary to consider renormalization or back reactions in this type of deformation. We will examine deformed N = 2 gauge theories corresponding to these types of graviphoton backgrounds in a forthcoming paper. We can also extend the present construction to deformed N = 4 supersymmetric gauge theory, where the deformed Lagrangian in the N = 1/2 superspace is known [26] . String theory calculation would provide more general type deformation of N = 4 theory. This subject will be also discussed in a separate paper. 
B Effective rules
The ten-dimensional correlator is computed by decomposing it into the four-dimensional part and the internal part [7] . The effective rules that enable one to calculate each part separately, is derived by the general formula [17] . For the four-dimensional spin field, we have S α (z)S β (z) = ε αβ (z −z)
Sα(y 1 )Sβ(y 2 ) = εαβ(y 1 − y 2 )
Sα(y 1 )Sβ(y 2 )S α (z)S β (z) = εαβε αβ (y 1 − y 2 )
If there are world sheet fermion inside the correlator, it should be carefully computed by evaluating the cocycle factor. Then, we find 
In the same way, we find (σ µν )αβε αβ (y 2 − y 3 ) (y 1 − y 2 )(y 1 − y 3 ) + (σ µν ) αβ εαβ (z −z) (y 1 − z)(y 1 −z) .
In the case of the internal "Lorentz generator" : ΨΨ :, the same formula can be used.
The result is
: ΨΨ(y 1 ) : Ψ(y 2 )Ψ(y 3 ) = 1 (y 1 − y 2 )(y 1 − y 3 )
.
From the ten-dimensional calculation, we find For X µ fields, the general formula [17] is useful:
By using this formula, we find
